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ABSTRACT
Gauge/gravity duality posits an equivalence between certain strongly coupled quantum field
theories and theories of gravity with negative cosmological constant in a higher number of
spacetime dimensions. The map between the degrees of freedom on the two sides is non-
local and incompletely understood. I describe recent work towards characterizing this map
using entanglement in the QFT, where near the dual AdS boundary, the classical energy
density at a point in the bulk is stored in the relative entropies of boundary subregions
whose homologous minimal surfaces pass through the bulk point. I also derive bulk classical
energy conditions near the AdS boundary from entanglement inequalities in the CFT. This
is based on the paper [1] with Matilde Marcolli, Hirosi Ooguri and Bogdan Stoica.
More generally, in recent years, there has appeared some evidence that quantum entan-
glement is responsible for the emergence of spacetime. I review and comment on the state
of these developments.
Note added for arXiv version: Section 1.5 (especially 1.5.2, 1.5.6, 1.5.7), with 1.2.2 as in-
tro/motivation, contain the bulk of comments pertinent to “entanglement and spacetime”.
Chapter 2 overlaps with [1]. There are no new quantitative results.
v
CHAPTER 1
INTRODUCTION
1.1 Overview
One of the great challenges for fundamental physics is to formulate a quantum theory of
gravity. According to the classical theory, general relativity (GR), spacetime is dynamical;
it is warped by matter, even as it tells matter to move along geodesics, which reduces to
the earlier Newtonian concept of gravity. More precisely, general relativity is a classical field
theory of the metric that encodes distances in and thereby contains all local information
about spacetime viewed as a manifold. Therefore, a quantum theory of gravity is expected
to shed light on some of the deepest questions for science such as the structure of space at
the smallest scales, the nature of time, and the nature of the Big Bang.
But GR has proved resistant to quantization by the methods of quantum field theory
(QFT), the theory that describes the other fundamental forces to unprecedented accuracy.
The essence of the conflict is that while QFT contains local operators defined at each point
of a fixed underlying spacetime, such objects are forbidden in the framework of GR, where
they are gauge-variant under diffeomorphism symmetry.
String theory, which replaces pointlike degrees of freedom with extended objects, is the
only known consistent quantum framework that contains gravity. The theory was originally
formulated in the 1960’s to describe the strong nuclear force, but had an embarrassing flaw
for this purpose: its spectrum contained a massless spin-2 particle. In the 1970’s, the spin-
2 mode was reinterpreted as the graviton, and the theory took on its modern guise as a
candidate theory of quantum gravity.
Prior to the mid-1990’s, string theory was mostly studied perturbatively around fixed
backgrounds. In this approach, one studies the theory on the worldsheet that a string
sweeps out in spacetime, which is a 2d theory of quantum gravity with spacetime coordinates
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appearing as dynamical fields, and the background metric as a Ka¨hler potential for them. (2d
gravity is much simpler than its higher-dimensional cousins because one can locally gauge-fix
all the metric degrees of freedom.) String S-matrix elements are computed by evaluating
correlators of vertex operators on the worldsheet. The perturbative expansion in the string
coupling constant gs requires summing over all topologies for the worldsheet CFT to live
on, so in practical terms, this approach is mostly good for calculating S-matrix elements to
the leading order or first order correction in gs. But from looking at the worldsheet theory
itself, people discovered some interesting features. Comparisons of different but equivalent
descriptions of the worldsheet showed that there are situations where apparently different
spacetimes give rise to the same physics to all orders in string perturbation theory. Only
one background at a time is large in string units, but both backgrounds are equally good at
the string scale. The simplest example, T-duality, relates strings propagating on a spacetime
circle of radius R to one of radius `2s/R. Mirror symmetry which is its application to fibers of
a Calabi-Yau, shows that even the topology of the background need not be invariant under
different ways of viewing the theory. (See [2] for a nice summary of these developments).
In the mid-1990’s there were two major and not unrelated developments: the discovery
of many S-dualities in QFT and string theory (discussed more in section 1.2.1) and the
discovery and extensive study of branes in various limits. D-branes are solitons in string
theory, on which open strings can end. Their worldvolume dynamics is characterized by
an open string theory, which at energies well below the string scale, reduces to an ordinary
QFT. A consequence is that branes nicely geometrize many features of QFT’s, see [3] for
a review. E.g. many QFT S-dualities were shown to arise simply by moving systems of
intersecting branes around and taking the low-energy worldvolume limit.
On the other hand, as energetic objects in a theory containing gravity, the branes backre-
act on spacetime. In particular, large numbers of D-branes at large gs source ten-dimensional
supergravity (SUGRA) generalizations of black hole backgrounds.
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It was soon realized that much could be gained from interpolating between the worldvol-
ume and supergravity descriptions. One early such construction by Strominger and Vafa [4]
successfully accounted for black hole microstates in string theory (by comparing the entropy
of the worldvolume CFT on a system of branes to the horizon area in the supergravity limit,
where supersymmetry protected the number of states as one dialed the coupling.) But the
most celebrated example of this paradigm is the one that I review next.
1.2 Gauge/gravity duality
Consider a stack of N D3 branes in Type IIB string theory. The branes backreact on space-
time with a strength of GN10 · N · T3 = gsNα′2, where GN10 ∼ g2sα′4 is the ten-dimensional
Newton constant (that can be read off comparing the 3-graviton tree graph with the equiv-
alent diagram in string theory) and T3 ∼ g−1s α′−2 is the tension of a single D3 brane. Thus,
at small λ = gs · N in string units, their effect on the geometry of a R9,1 background is
negligible, but at large λ, they curve the transverse geometry to a black three-brane SUGRA
background. In other words the first step is to identify the D-branes, viewed as endpoints
for open strings, with p-brane SUGRA solutions. Now consider string theory in the presence
of the branes. In the first case there are two interacting sectors, the four-dimensional open
string theory on the D3 brane worldvolume along with closed strings in the ten dimensional
bulk. Below the string scale, the worldvolume theory becomes 4d N = 4 supersymmetric
Yang-Mills theory (SYM) with gauge group SU(N) (after one removes the mode describing
center-of-mass motion of the branes). In the second case, string theory around the p-brane
background consists of closed strings propagating both near and far away from the black
brane horizon.
The key idea of Maldacena in 1997 was that one can take a certain limit of the D3 brane
system, whose action is to decouple the open string sector from the closed string one at
small λ, and zoom in on the near-horizon limit of the SUGRA background at large λ, which
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turns out to be AdS5 × S5 (with RR flux). Observing two descriptions of the same system
in different parts of parameter space, he conjectured [5]:
Type IIB string theory in asymptotically AdS5×S5 spacetime is exactly equivalent
to 4d N=4 SU(N) SYM, a local QFT,
with identifications of dimensionless parameters that is reviewed below. The meaning of
‘exact equivalence’ is that the theories are really different descriptions of the same physical
system: Any physical question asked of one theory can in principle be formulated and
answered in the other (though after 18 years, the exact nature of the map is still far from being
fully elucidated). Called the AdS/CFT duality, this provides an explicit non-perturbative,
background-independent definition of string theory and realizes the holographic equivalence
of quantum gravity to a QFT in one lower noncompact dimension.
Figure 1.1: The parameter space of N = 4 SU(N) SYM with ’t Hooft coupling λ. Over each
point in this picture there is a Hilbert space that can be interpreted as either the Hilbert
space of the CFT, or that of string theory in asymptotically AdS5 × S5 spacetime with
the identification of dimensionless parameters `AdS/`s = λ
1/4 and `AdS/`P ∼ N1/4. The
shaded regions depict ranges of the parameters for which we can do some computations.
This figure is adapted from [13].
It is straightforward to repeat Maldacena’s argument for other systems of branes, giving
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other top-down examples of gauge/gravity dualities. In fact, the modern version of the
conjecture [6] goes well beyond such considerations: 1
Any CFT on R× Sd−1 can be interpreted as a theory of quantum gravity on an
asymptotically AdSd+1 ×M spacetime, where M is a compact manifold.
(The reason to put the CFT on R×Sd−1 instead of Rd−1,1 is to replace the Poincare´ patch
of AdS that arises in the near-horizon p-brane limit with its geodesic completion, global
AdS, that has R × Sd−1 as its boundary.) The utility of this statement is limited by the
fact that for a general CFT, the quantum gravity side is not independently defined.
In the eighteen years since its formulation, there have been some 10,000 follow-up papers
on AdS/CFT. The canonical review article from the early days is [11]; a recent one is [12].
Here are a few comments.
1. Gauge/gravity duality is a conjecture awaiting proof in even the most well-understood
cases. But there is enough highly nontrivial evidence (e.g. the supersymmetric index
[13], exact results from integrability [14] and phenomenological evidence), that it seems
not unreasonable to classify it as ‘true but not proven’. The argument has been made
that if such a ridiculous claim were not true, it would have been noticed by now!
2. As mentioned above, part of the duality statement is an identification between dimen-
sionless parameters. In the bulk, there are two important numbers, the ratio of the
AdS radius to the Planck length `AdS/`P and the ratio of the AdS radius to string
length `AdS/`s. The first ratio governs the ability of the bulk to support coherent
excitations of many gravitons without forming black holes. The second governs string-
scale locality. Both of these must be large for Einstein gravity to approximately hold
1. There are examples of holographic duality where the dual to a CFT seems to be at an intermediate
level of complexity between classical gravity and full-blown string theory – i.e. higher-spin gravity [7; 8; 9]
– but at least in some cases, higher-spin gravity is a limit of string theory [10].
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in the bulk. The Planck length is automatically less than the string length if the string
coupling gs is small. The condition `AdS  `s  `P is the semiclassical limit.
Thus, a minimum requirement for a CFT to support a semiclassical bulk dual is that
it has two large dimensionless parameters as well. Moreover, one of the parameters
ought to be a large coupling constant because free field theory contains many high spin
conserved currents which would be dual to light high spin fields in the bulk [7]. To get
something resembling a low energy effective theory of spin-2 gravity, we must generate
large anomalous dimensions for these operators.
In the case of N = 4 SYM, the two parameters are N and λ, as in Figure 1.1.
What the exact conditions are for a CFT to admit a semiclassical bulk dual is an open
question.
3. An extensive dictionary [15; 16] was developed to use the gravity theory to study
strongly coupled CFT’s, in the semiclassical limit. To list a few of the entries,
(a) The generators of the conformal group of the CFT match the generators of AdS
isometries. In particular, the CFT Hamiltonian that generates translations along
the R of R × Sd−1 matches the asymptotic generator of time translations in
global AdS. This means that thermodynamic quantities (energy, entropy, temper-
ature) of the CFT and the equivalent global gravitational quantities defined at
asymptotic infinity agree as well.
(b) Low dimension local operators in the CFT map to light bulk fields, with the
expectation value of the operator setting the asymptotic boundary conditions for
the field. Computation of correlators in the CFT are dual to scattering problems
in the bulk.
(c) Expectation value of Wilson loops in the Euclidean CFT [17] and entanglement
entropy for spatial subregions on a constant-time slice in the CFT [18; 19] are
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described by areas of homologous minimal surfaces in the bulk. 2
(d) Thermal states of the CFT, at temperatures above the Hawking-Page transition,
are described at leading order by AdS-Schwarzschild black hole solutions to the
Einstein equations in the bulk [16]. One can understand this quantitatively by
checking the dominance of the AdS black hole over the thermal gas in the saddle
point approximation to the Euclidean path integral. Qualitatively, the intuition
is that putting AdS at a finite temperature is like coupling it to an external heat
reservoir where energy sloshing around in the bulk has some probability to form
a large black hole, then because the AdS geometry is like a box, large enough
black holes will recapture their Hawking radiation reflected from the boundary,
and are stable. The classical black hole background was famously used to study
properties of the quark-gluon plasma at RHIC.
However, these dictionary entries have in common that the arrow of information goes
from bulk to boundary. The questions we ordinarily ask of CFT’s turn into bulk
computations that are anchored to the asymptotic region.
4. The reverse problem, how to describe physics in the bulk interior using the CFT, is
very poorly understood. A longstanding dream is to use AdS/CFT to understand
the quantum properties of black holes, but at a less ambitious level, non-singular
gravitational systems like neutron stars which are configurations of bulk fermions that
backreact on geometry, or indeed any localized phenomena in our universe, should also
have embeddings in an asymptotically AdS spacetime and hence a description in CFT.
However, we cannot engineer such bulk systems because we do not even know how to
define a local bulk operator in AdS in a self-contained way in the CFT. Studies of the
2. Note that in both cases, we can compute the exact value of the CFT observable for certain shapes, at
all values of (N , λ) in N = 4 SYM and some other CFT’s [20; 21; 22]; perhaps this is a hint to understand
the bulk away from the semiclassical limit, though as just some function of (N , λ) it seems hard to interpret.
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bulk away from empty AdS generally have assumed (solutions to) the classical Einstein
or supergravity equations.
Conversely, any excited state of the CFT is dual to some bulk state with backreaction
on the AdS geometry. Given a state of the CFT, we can ask what geometry it describes.
The effects of backreaction are classically suppressed by the 10d Planck constant which
scales as 1/N2 in AdS units. States with energies parametrically smaller than O(N2)
are well approximated by QFT/classical string theory on the AdS. For states with
finite backreaction, holographic renormalization [23; 24] tells us how to continue CFT
expectation values of the stress tensor and other operators in a power series expansion
into the bulk using the classical equations of motion. But the generic evolution leads
to a naked singularity in the bulk [25]. In some sense, this pathology is not surprising
because we know the classical EOM’s have string/quantum corrections that accumulate
under evolution. Indeed, the converse of the dictionary entry 3(d) on the previous page
is that a generic CFT state with energy of order O(N2) is a microstate of a bulk black
hole, where we certainly expect large corrections to classical gravity.
1.2.1 Dualities in field and string theory
Let’s take a step back from AdS/CFT and put it in context among the other QFT and string
dualities. 3 To organize our thinking, we can start by asking what it is we hope to gain
from finding dualities. Taking another step back, we recall the mission statement from the
overview, which is to gain mastery over the Hilbert space of quantum gravity.
This Hilbert space consists of all excitations atop a vast moduli space of string vacua.
The moduli space is often drawn as Figure 1.2.
Because AdS/CFT is a QFT/string duality, it is useful to keep another abstract space in
mind, the space of QFT’s. Each point on this space is a full-fledged theory with an attached
3. See [26], [27] for an enumeration of quantum dualities.
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Figure 1.2: A slice through the moduli space of string/M-theory. The moduli include the
string coupling gs and the ratio of the string scale to the characteristic length scale of
spacetime, `s/L. The corners in the drawing represent regions where various descriptions
are weakly coupled. As the theory gets strongly coupled in one description, it may become
weakly coupled in another one.
Hilbert space of its own. We can also put a natural vector field on this space, that is the RG
flow. At least historically, one might think of QFT space as a specification of the number and
types of quantum fields in the UV and their interactions. For example, Figure 1.1 would be
a subspace thereof. This picture captures the qualitative idea though the naive description
is both redundant and incomplete. 4 In terms of our goal which is to understand the string
Hilbert space, the QFT space is an auxiliary construct that will help us shed light on it.
The string coupling gs is a modulus. This leads to the first desirable feature that we might
ask for in a duality: strong-weak coupling. We don’t understand ordinary quantum theories
that are strongly coupled, much less strongly coupled quantum gravity. But we understand
quantum theories well enough at weak coupling, which is equivalent to the theory having a
classical limit. S-dualities allow for an abstract space to be covered in “coordinate patches”
4. A “modern” point of view is that QFT’s need not have Lagrangian descriptions. On the other hand,
some QFT’s specified by different Lagrangians are dual. See [28] for a list of grievances about the naive
Lagrangian formulation of QFT.
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of weakly coupled descriptions that we have control over. Of course, even with a weakly
coupled description, we don’t expect to solve the dynamics of the theory around any random
state in its Hilbert space, but we can compute perturbatively around the vacuum. There are
many examples of S-duality in ordinary, particularly supersymmetric QFT’s. In string/M-
theory, S-duality acts on the moduli space where it famously relates the descriptions that
label various corners of Figure 1.2.
A second desirable feature that one might want in a string theory is a notion of string-
scale locality or a supergravity limit. Even if the theory is weakly coupled so that it makes
sense to partition physics into a spacetime background and excitations atop it, there is still
the question whether the spacetime is large in string units so that excitations in one region
don’t affect those in another. Duality in this variable, that inverts the ratio of the string
length `s to the characteristic length scale of the spacetime, is called T-duality, which is an
S-duality of the worldsheet theory. As energetic strings spread and become large, there is
also a sense in which T-duality acts as a UV/IR duality to recover locality at high energies
[29; 30]. T-duality also famously relates the theories labeling corners of figure 1.2.
So in the absence of holography, the situation is the following. There is a very large
moduli space for string/M-theory, most of which is terra incognita. Presumably our physical
reality is described by a state atop one of the points on the moduli space. If we know that we
have a strongly coupled description, there is little we can say. Fortunately, string dualities
provide different descriptions for points on this moduli space. But even with a weakly coupled
description, our ability to compute dynamical phenomena is fairly limited in perturbation
theory. Mostly we are allowed to probe a pre-existing, time-independent background. Also
in some cases we have tools to compute static features of the theory at strong coupling (i.e.
partition functions and their cousins) but these only tell us very coarse, global information
about the theory. With this level of technological development it is difficult to attack the
great non-perturbative problems in quantum gravity.
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Where AdS/CFT fits in this picture is that it maps some subspace of the “QFT theory
space” onto AdS vacua of string/M-theory. There are other examples of non-gravitational
theories that are equivalent to non-AdS vacua of the string/M-theory moduli space, e.g. the
BFSS matrix model [31] and little string theory [32]. Part of the space of QFT’s covers a
part of the string moduli space. The attached Hilbert spaces are identified, where the bulk
Hilbert space consists of those finite-energy excitations of the vacuum that keep us in the
the superselection sector. An infinite energy excitation, or non-normalizable mode, adds a
deformation to the action of the dual QFT. The great qualitative advance that this brings
to the quest of understanding quantum gravity is that it tells us each of the nonperturbative
questions can in principle be understood in terms of the physics of CFT.
1.2.2 Open questions for gauge/gravity duality
To recapitulate, a major hope for AdS/CFT is to use it to draw general lessons for quantum
gravity in our universe. A dictionary is reasonably well developed in the direction of using
classical gravity to study the CFT, but the converse problem how to organize the informa-
tion in certain CFT’s into a theory of quantum gravity with a semiclassical limit is hardly
understood at all.
The rest of this section is a naive attempt to classify the open questions in AdS/CFT.
Roughly we can categorize into three lines of inquiry. First there are attempts to use the
AdS/CFT dictionary in the classical gravity limit to study the strongly coupled CFT as a toy
model for real-world systems, such as condensed matter ones and QCD. Gauge/gravity pairs
can be engineered from the “bottom up” so that the gauge theory side exhibits qualitative
similarities to the real-world systems. Many things are easier to compute in classical gravity
than in strongly coupled field theory. This approach is also useful to shed light on top-down
examples of holography where the boundary theory is more mysterious than a CFT.
Then there are questions aimed at better understanding the logic of holographic duality
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itself. (The distinction between this category of problems and the previous/next one is
blurry; I’m using it it to contain all the issues that aren’t directly motivated by physical
applications to the boundary or bulk). Here we might ask: Which CFT’s have duals with
semiclassical gravity limits? Without a priori assuming AdS/CFT, are there reorganizations
of CFT data that give rise to what look like coarse-grained features of AdS geometry, and to
what extent do such reorganizations make contact with and teach us about the AdS/CFT
duality (in particular: what is the connection to the renormalization group, which has now
been explored from many angles [33; 34; 35; 36; 37])? Also, we can continue to write the
dictionary one entry at a time. Given a gauge/gravity pair, what does any feature of the CFT
that we can think of – be it an observable, some more abstract quantity like entanglement
entropy, or an equation/theorem – translate to on the gravity side? This encompasses a
large number of well-defined questions that we might study for its own sake, though physical
applications often follow.
Finally, there are the questions directly motivated by major challenges in string the-
ory/quantum gravity, where we are interested in leveraging AdS/CFT as a tool to solve
them. Already at low energies, we can ask,
 What does AdS/CFT teach us about string-scale geometry?
A general challenge for string theory that goes well beyond AdS/CFT is to explain the
nature of spacetime. Is Riemannian geometry an approximation to a new string-scale notion
of geometry? Note this is a classical question. Intuition strongly suggests yes, a simple
argument is that Riemannian geometry is simply the theory of the spin-2 graviton and there
are a zoo of higher-spin excitations on equal footing at the string scale. Are there collections
of underlying degrees of freedom whose macroscopic arrangements are what we interpret
as conventional spacetime? Again, various arguments suggest yes – chief among them the
brane ensemble behind AdS/CFT itself, which hints at a noncommutativity to spacetime at
the string scale – but this needs to be made precise. This would-be underlying structure
12
is supposed to go beyond placing branes on a pre-existing flat background: it is somehow
to be a precursor altogether from which the interpretation of spacetime, or indeed many
dual interpretations, can emerge – but we are lacking even a qualitative idea what such a
formulation might look like.
AdS/CFT offers a new perspective on this problem, as spacetime along with all its string-
scale structure emerges at once from the CFT. It’s useful to keep three pictures in mind,
the CFT, the low-energy effective gravity description of the bulk with its familiar notions of
geometry, and the amorphous bulk string-scale picture underlies it; I’ll call this the “non-
geometric bulk picture”.
To begin to address the problem, a first step is to understand
 How, in the classical limit of AdS/CFT, does geometry emerge from the CFT?
If we want to go beyond the classical geometry eventually, we must first understand all
features of the geometry algebraically: the bulk metric itself should be the output of an
algorithm on the CFT data. See [38] for some remarks on how to formulate the problem of
emergent classical geometry.
One approach is to ask what features of the CFT give rise to features of geometry in
the bulk (areas, volumes, and so on), and then whether we can uniquely reconstruct the
bulk metric from these data. In recent years it was suggested that the classical geometry
of the bulk is related to entanglement and other information-theoretic quantities in the
CFT. However the important step of whether such quantities (and if so, which) can really
be inverted to yield the metric everywhere where spacetime is weakly curved, is presently
unclear. This will be discussed in Section 1.5.
Another idea is to try to define a local bulk operator in AdS by a definition intrinsic
to the CFT. Provided it can be established, the moduli space of the CFT operator is the
bulk geometry. For early work see [39], [40] for a recent review, also the recent constructions
[41; 42; 43] in AdS3/CFT2.
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Note that whatever in the CFT gives rise to the bulk metric, it is natural to expect that its
dynamics should give rise to metric dynamics, i.e. the Einstein equations or higher-derivative
gravity EOM’s, around states with a geometric bulk description where the curvature is small.
The existence of a satisfactory explanation is a consistency check of a would-be proposal
for bulk reconstruction. The extent to which CFT entanglement dynamics reproduces the
Einstein equations will also be discussed below in section 1.5 and some quantitative details
reviewed in Chapter 2.
To speculate about the future, if we had an algorithm to recover the bulk metric and
its dynamics from a state of the CFT, we can imagine making progress towards formulating
string-scale geometry by seeing how that answer depends on λ, or applying the algorithm
to CFT’s dual to higher-spin gravity as a warm-up. (E.g. see [44; 45] for studies of how
3d higher-spin gravity generalizes the areas of the Ryu-Takayanagi formula with the vev
of a certain bulk Wilson line, that cite understanding what replaces classical geometry in
such models as motivation, although Ryu-Takayanagi is not sufficient to reconstruct the
bulk metric, as we discuss below). Also perhaps how collective excitations of the CFT make
strings/branes in the bulk (select examples are composite operators in the gauge theory
[46; 47; 48]) is a clue. But these speculations are of little value before we first understand
the emergence of classical geometry from the CFT.
In principle, a different approach that one can imagine towards emergent geometry in
string theory, without attempting to reconstruct the entire bulk of AdS, is to study black
holes whose interiors are clean examples of emergent space. E.g. if we understood how
to work directly with black hole microstates at strong coupling, we could see exactly how
the interactions of infalling strings with fractionated branes on the strong-coupling side
of the correspondence transition [49; 50] are consistent with a geometric interpretation of
propagation in a black hole background. Moreover, perhaps the physics responsible for the
black hole interior (see [51] for a recent picture) is similar to that of the ”non-geometric”
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picture underlying empty spacetime since empty spacetime can be carved into Rindler wedges
(and dS space, in any case, has horizons). Of course we don’t know how to describe black
hole microstates at strong coupling, so this just converts one currently intractable problem
into another.
But it leads us to a related question,
 What does AdS/CFT teach us about the nature of horizon entropy in string theory?
The reason one might hope that AdS/CFT has something to say about it is the resem-
blance of the black hole entropy formula to the Ryu-Takayanagi formula equating position-
space entanglement entropies of the CFT to extremal surfaces in the bulk (see section 1.4
below). In some cases the two coincide, so AdS/CFT already suggests something quali-
tatively new, which is that horizon entropy (in some examples) should be understood as
entanglement entropy, but not of geometrically organized degrees of freedom in the bulk,
rather of geometrically organized degrees of freedom on the boundary, which are non-locally
organized ones in the “non-geometric picture” of the bulk.
On the other hand, extremal surfaces in AdS are in general less symmetric than black
holes, so at the quantitative level, perhaps the arrow of information should go the other
way. E.g. the proof of Ryu-Takayanagi itself [52] is a generalization of black hole methods
at the classical level to situations of reduced symmetry. A recent paper [53] applied orbifold
calculations of black hole entropy in string theory from the early 90’s [54; 55] to compute bulk
entanglement entropy; perhaps some of the work on black holes in string theory since then
([30; 51; 56; 57] and many others) could shed light on aspects of holographic entanglement
as well. I will return to this later; the point is the cross-fertilization between these ideas.
Another puzzle, about which I have little to say is
 What does AdS/CFT teach us about the breakdown of effective QFT suggested by the
firewall problem in a theory of quantum gravity?
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See [58] for motivation, [59] around black hole horizons, [60] around empty AdS.
As we go to O(N2) energies in the CFT where bulk backreaction becomes of order one,
the bulk should start to reveal nonperturbative features of quantum gravity in its full glory.
As the CFT remains our only nonperturbative definition of quantum gravity to date (modulo
the related examples listed previously), the hope is that we can embed into the CFT all of
the nonperturbative quantum gravity puzzles and solve them there. For example, one of
the immediate consequences of AdS/CFT was to resolve the information problem in favor of
unitary evolution for black holes. Naively, trying to understand high-energy bulk problems
from the CFT seems premature with as poor an understanding of the low-energy physics as
we have now; it seems a lot to ask that we can reconstruct features of local physics at the
black hole horizon when we don’t understand bulk locality in the AdS vacuum; but to give
a flavor of the questions we’d someday like to answer, they include: what is the microscopic
mechanism by which black hole evaporation preserves information? What is the experience
of the infalling observer? What do we learn about emergent time?
1.3 Entanglement entropy
Consider a quantum system with multiple degrees of freedom. Its state is described by a
single global wavefunction, so there are correlations between subsystems. Suppose the state
is an eigenstate of some operator. Then if we know the value of the operator acting on any
subspace, we know its value on the complement as well. The canonical illustration is the
singlet state of two quantum spins |Ψ〉 = 1√
2
(| ↑↓〉 − | ↓↑〉). It is an angular momentum
eigenstate with eigenvalue zero. If we know that a pair of spins are in this state, we can fly
them to opposite ends of the universe, perform a measurement on one, and “instantaneously”
determine the spin of the other. Clearly, this phenomenon is general. This completely
ubiquitous feature of quantum systems goes by the name of entanglement.
Suppose the Hilbert space of our system factorizes, and we partition the system into
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subsystems A and B such that the Hilbert space decomposes into H = HA ⊗ HB . The
observer restricted to region A has access only to a subset of the local observables and sees
the reduced density matrix ρA = TrB ρ. The entanglement entropy (EE) of region A is
defined as the von Neumann entropy of the reduced density matrix:
SEE = −TrρA log ρA . (1.1)
When the full system is in a pure state, the EE quantifies the number of entangled bits
between subsystems A and B. When it’s in a mixed state, the EE picks up part of the
classical (thermal) entropy as well. The EE is not a good observable, as it’s nonlinear in the
density matrix. A linear operator that quantifies entanglement cannot exist since entangled
states are superpositions of pure states.
Large amounts of entanglement are a general feature of states in QFT’s. For example,
the vacuum is an eigenstate of the Hamiltonian, so any partition of the vacuum into sub-
regions is entangled in the sense described above. It’s perhaps useful to keep in mind that
“entanglement” is a fancy word for correlations which are more traditionally discussed in
the context of QFT’s, and the two notions can qualitatively be interchanged.
In QFT’s, the Hilbert space is a tensor product of degrees of freedom at each position,
modulo extended operators. Disregarding these (see e.g. [61] for some progress how to
understand EE of Wilson loop operators in lattice gauge theory), subsystems A and B are
usually taken to be spatial subregions of the underlying spacetime manifold of the QFT on
a constant-time slice, though any “field-space” partitioning of the degrees of freedom into
subsets of independent operators should work as well. However, EE across a spatial region is
always UV-divergent, with the leading divergence going as the area. This “area law” comes
from the entanglement of UV modes across the boundary. (Incidentally, this makes the
EE a useful tool to diagnose the scale of non-locality in a non-QFT [62; 63].) Because any
finite-energy state of a QFT looks like the vacuum state in the UV, the divergence structure
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of the EE can be completely characterized in the vacuum state, where symmetries can be
brought to bear [64].
As a side comment, the universal part of the EE of a ball-shaped entangling region – the
first term in the expansion of the EE in the radius of the ball over the UV cutoff length, that
does not diverge and has no extensive contribution – turns out to be a good c-function for
the weak form of the Zamolodchikov c-theorem in two, three and four dimensions [65; 66].
That is, if two CFT’s are UV and IR endpoints of an RG flow, then (sVd )UV > (s
V
d )IR . The
explanation behind this observed pattern, and whether one can construct an interpolating
c-function for non-conformal QFT’s out of the entanglement entropy in all dimensions is an
open question.
1.3.1 Computing the entanglement entropy in QFT
Position-space EE in QFT’s is hard to compute. The main analytic tool, the replica trick,
comes from first observing that
SEE = −TrρA log ρA = − lim
n→1 ∂nTrρ
n
A .
On the other hand, TrρnA for integer n in the vacuum state of the QFT is the partition
function of the QFT on n copies of the Euclidean manifold, glued together cyclically along
the entangling domain at Euclidean time τ = 0. (See [67] for a brief review of the Euclidean
path integral). For non-integer n, the path integral representation is not well defined. The
idea of the replica trick is to compute TrρnA as the partition function for integer n, and then
analytically continue the answer to non-integer n near n = 1 to obtain the EE. In practice,
this computation is often rather difficult, and it is not always obvious that the analytic
continuation is correct. It can be done in simple cases and in some special cases where
powerful technical tools (e.g. localization [68], conformal block expansions in 2d CFT’s at
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large central charge [69]) apply.
I will quote one well-known result derived by this method early on [70]. For a 1+1
dimensional CFT of central charge c and UV cutoff length ε, the entanglement entropy
across a single interval of length L is
SEE =
c
3
log
L
ε
. (1.2)
Another method to compute a special case of position space EE in QFT was pointed out
by Casini, Huerta and Myers [71]. Suppose the entangling subregion is a ball Sd−1 in the
vacuum state of a d-dimensional CFT. The causal development of the region inside the ball
can be conformally mapped to a hyperbolic space Hd−1×R by a conformal transformation,
that takes vacuum correlators of the former to thermal ones in the hyperbolic space. Both
the curvature of the hyperbolic space and its inverse temperature are set by the radius of
the ball. Therefore the EE of the ball equals the thermal entropy of the hyperbolic space.
As this relies only on symmetry, it is an exact result. But the answer to the question ‘what
is the thermal entropy of an arbitrary CFT in hyperbolic space’ is not known in general.
1.4 The Ryu-Takayanagi formula
However, by far the easiest way to compute entanglement entropies in large N CFT’s with
holographic duals was discovered by Ryu and Takayanagi (RT) in 2006 [18; 19]. They noticed
that the formula (1.2) for EE’s of single intervals in 2d CFT’s was identical to the formula
for geodesics in AdS.
AdS3, in Poincare´ coordinates, has the metric
ds2 =
L2AdS
z2
(dz2 + dx2 − dt2) . (1.3)
In this geometry, consider two points x = 0, x = L on a constant-time slice, on the asymptotic
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AdS boundary with a cut-off at z = . The geodesic that joins them has length
2LAdS log
L

. (1.4)
Eqs. (1.2) and (1.4) agree if we identify c3 with 2LAdS . In AdS3/CFT2 holography, it turns
out that c = 3LAdS
2GN3
[72]. This led Ryu and Takayanagi to conjecture more generally that
In gauge/gravity duality, in any CFT and state |ψ〉 of the CFT with an Einstein
gravity dual description, the entanglement entropy (1.1) for the reduced density
matrix of a subregion ∂A of the CFT on a constant-time slice is equal to
SEE(∂A) =
A
4GN
+O(G0N ) (1.5)
where A is the minimal area of the codimension-2 bulk surface that is homologous
to ∂A.
Figure 1.3: The Ryu-Takayanagi formula. The entanglement entropy of the CFT across the
shaded boundary region is given by the area of the minimal surface homologous to it in the
bulk.
For the special case of ball-shaped entangling domains in the vacuum state of the CFT,
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the Ryu-Takayanagi formula was first proved in [71] by exploiting conformal symmetries.
Later, Lewkowycz and Maldacena proved it in general [52]. Their work generalizes the
following old derivation of the black hole entropy in Euclidean quantum gravity [73; 74]. In
QFT, we know the thermal free energy of the Lorentzian QFT at temperature β−1 formally
equals the partition function of the Euclidean QFT with periodic time β. Extending to
quantum gravity, one can compute the gravitational entropy of the black hole with Hawking
temperature β−1 by using the thermodynamic identity S = β2 ∂F∂β with F = − 1β logZ
the free energy, and Z the partition function of Euclidean quantum gravity, subject to the
boundary condition that the Euclidean time circle has periodicity β at infinity. At leading
order in the Newton constant, logZ is approximated by minus the action of the classical
saddle, namely the action of the Euclidean black hole (above the Hawking-Page transition
in AdS). The appearance of the partial derivative w.r.t β means that we should vary the size
of the thermal circle at infinity keeping all other parameters fixed. This introduces a conical
deficit in the bulk, so the black hole entropy is the difference between the Euclidean actions
of the smooth black hole solution and the configuration with a delta function in curvature at
the tip of the Euclidean cigar. One can show that the difference is proportional to the area of
the (d−2)-sphere at the tip of the cigar, with proportionality constant 1/4GN . In this setup,
one also can compute GN corrections as loop corrections to the saddle-point approximation.
Now to sketch the proof (following [75]), first recall the n-fold covers of the boundary
CFT for integer n, that we discussed above. We will assume that these are holographically
dual to smooth bulk geometries Bn that preserve a Zn symmetry in the bulk. This is the
key assumption. The possibility of replica symmetry breaking in the bulk was discussed in
[76]. Define the orbifolded bulk geometries Bˆn = Bn/Zn for integer n. They are smooth
except at the fixed points of the Zn action, which form a codimension-2 surface. Unlike the
replicated boundary, the bulk orbifolds can be sensibly continued to non-integer n, although
the resulting geometries do not have interpretations as orbifolds of smooth geometries. The
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variation of the action of Bˆn around n = 1, ∂nS[Bˆn]|n→1, is the analog of the variation
in the Euclidean action around the configuration with Euclidean time periodicity β that
I described above for the black hole, and it gives the entanglement entropy. Finally, by
demanding consistency of the Einstein equations, one can show that Bˆn for non-integer n
have also a codimension-2 conical defect that approaches the Ryu-Takayanagi surface as n
approaches 1, and that the entire non-zero contribution to ∂nS[Bˆn]|n→1 comes from the
location of the conical defect and is its area, A/4GN .
The generalization of the Ryu-Takayanagi formula to both classical higher-curvature
theories of gravity and to bulk quantum corrections is an open problem as of this writing.
In the direction of higher-curvature corrections, the answer is known in some cases to be
the Wald entropy plus extrinsic curvature terms, that would vanish on the horizon of a
static black hole [75]. Curiously, the corrections are the same as appear in a generalized
second law of black hole thermodynamics for higher-curvature gravities [77]. In the direction
of quantum (1/N) corrections, the leading correction was argued to be the bulk quantum
entanglement across the RT surface, thinking of the bulk as an effective field theory living
on a fixed background, with the RT surface as a fixed surface in that spacetime [78]. As
mentioned above, it is a natural question whether the RT formula can be better understood
directly in string theory.
A new point of view on the RT formula was recently suggested by Headrick [79]. The
max-flow min-cut theorem in graph theory says: given a manifold with boundary, let {v} be
set of all vector fields on it that have zero divergence and norm |v| ≤ 1 everywhere. Then
the area of a minimal surface homologous to a codimension 1 region A on the boundary is
equal to
∫
A ∗V of the flow V ∈ v that maximizes the integral. The application to the RT
formula is obvious. From this point of view, we are asked to optimize over all ways to pack
the bulk with threads of a fixed size (implementing the bound on the norm) that a current
flows through (implementing the divergence-free condition). If there is more to this than
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mathematical analogy, it would be interesting to give the current a physical interpretation.
1.5 Entanglement and spacetime
In recent years, various authors have suggested that “entanglement builds spacetime.”
Depending on the reader’s perspective, this may either seem like an extraordinary claim
or seem reasonably intuitive. After all, “spacetime” should be thought of algebraically as
a set of consistency conditions on of the degrees of freedom in the theory. E.g. in the
bulk effective QFT limit, it manifests as imposing a particular structure on the correlation
functions of local operators whether on a constant-time slice, or as causality at different
times. On the other hand, entanglement is a fancy word for quantum correlation. What is
needed is to quantify this – when are the correlation patterns from entanglement consistent
with a classical geometry interpretation (and of what geometry)? The goal of this section is
to review the status of these issues.
There seem to be two ideas that were pursued in the literature: (1) that position space
entanglement in the CFT is the organizing principle behind the bulk geometry, and (2) that
some form of non-geometrically-organized bulk entanglement builds spacetime, which holds
beyond holography. When restricted to holography, the second is a weaker claim. It posits
that some form of entanglement of the CFT data, that need not be spatially organized in the
CFT, organizes the bulk geometry. I will argue that (1) is easy to rule out so in particular,
attempts to derive the Einstein equations from inverting Ryu-Takayanagi do not seem fruitful
(in section 1.5.2), review the evidence for (2), and discuss prospects to better understand
(2) (in section 1.5.6, 1.5.7). This section is structured as an approximately chronological
literature review with comments at the end.
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1.5.1 Early qualitative arguments
The idea ‘entanglement builds spacetime’ originates in two papers by van Raamsdonk in
2009 [80; 81]. Among his arguments was the following “disentangling experiment”. Take a
constant-time slice of a CFT on Sd×R that has a holographic dual. Suppose we divide the
sphere in half. We label the reduced density matrix of the CFT in each hemisphere as ρL and
ρR. In the vacuum, the two halves are highly entangled. By the Ryu-Takayanagi formula, the
entanglement can be quantified at leading order in GN by the area of the bulk surface that
bisects empty AdS. Now let us consider the family of states |ψ(λ)〉 = (1−λ)|0〉+λ(ρL⊗ρR)
in the CFT, that interpolates between the CFT vacuum and the state where the degrees
of freedom of the two hemispheres have been completely disentangled. This is a formal
definition as it involves disentangling arbitrarily high-energy degrees of freedom, so any of
the interpolating states lie outside the Hilbert space of the CFT, but let’s proceed. As long as
the Ryu-Takayanagi formula holds, the entanglement between two hemispheres continues to
be geometrized by the area of a surface bisecting the bulk. This area decreases continuously
as one increases λ.
At the same time, we can use the mutual information
I(A,B) = SEE(A) + SEE(B)− SEE(A ∪B)
as an upper bound for correlations of operators OA,OB localized to the respective regions
[82]. Such correlators fall off as a function of distance. Taking the regions A,B to be the
left and right halves and again using the RT formula, the proper distances between the two
bulk regions increases with λ. We see that at least at a qualitative level in this toy family
of states, the position-space CFT entanglement is a prerequisite for geometric connectivity.
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1.5.2 “Position space entanglement in the CFT builds bulk geometry”
One suggestion in the literature is that position space entanglement in the CFT is more
than a prerequisite, it is the organizing principle responsible for the emergence of the dual
spacetime in AdS/CFT, in the sense discussed in section 1.2.2. A corollary would be that
position-space entanglement dynamics in the CFT should suffice to explain the bulk non-
linear Einstein equations in any asymptotically AdS spacetime which is dual to a state of the
CFT for which the bulk is geometric. By this I mean that the bulk Einstein equations about
any such state will be holographically dual to CFT equation(s) of the form f(SEE) = 0,
where f(SEE) is a function of quantities in the CFT, e.g. expectation values of operators and
so on, that includes the geometric entanglement entropy of subregions of the CFT in that
state. See section 2.2 below for an example how one such equation explains the linearized
Einstein equations around the AdS vacuum.
Constructions related to bulk reconstruction from position-space CFT entanglement in-
clude “differential entropy” of families of boundary regions [83; 84; 85] which gives the areas
of bulk, not-necessarily-extremal surfaces, that need not end on the boundary. It is defined
as Sdiff({I}) =
∑n
k=1[SEE(Ik) − SEE(Ik ∩ Ik + 1)] where Ik are boundary intervals (in
CFT2; boundary strips in higher dimensions) on a constant-time slice, and reproduces the
area of the bulk surface that the Ryu-Takayanagi surfaces of the intervals are tangent to, in
a continuum limit as n→∞. Related work is the exploration of “kinematic space” [86], the
space of boundary anchored geodesics on a 2d manifold, with an eye towards reconstruction
of the manifold in situations where the tangent space is completely covered by the boundary-
anchored geodesics. 5 See [88] for work on using geodesics for bulk reconstruction, including
3d counterexamples, that predates Ryu-Takayanagi.
There is actually a simple observation to rule out the idea that position-space entangle-
5. With an eye towards following paragraphs, note that these constructions can be generalized inside the
entanglement shadow using non-minimal geodesics in place of position-space entanglement [83; 87].
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ment explains the bulk geometry. This is the “entanglement shadow” [89; 90]. In generic
asymptotically AdS spaces that are not empty AdS, even ones without horizons, there are
bulk regions that no minimal surface homologous to boundary regions has access to. In a
black hole geometry, the shadow is on the order of one AdS radius away from the horizon.
The bulk geometry can be made weakly curved there, and we expect the Einstein equations
to hold to arbitrarily good precision, yet no RT surfaces reach it. So the Ryu-Takayanagi
formula cannot in general be inverted to yield the bulk metric, and attempts to reconstruct
the full Einstein equations from position-space entanglement dynamics fall flat at this level.
Ref. [89] defines a generalization of conventional entanglement in the CFT, “entwine-
ment”, whose bulk description has no shadow. Inspired by the observation that internal
degrees of freedom are key to emergent spacetime in known examples (i.e. gauged DOF’s in
matrix models and fractionated DOF’s of the long string in models of the black hole interior),
the entwinement computes conventional entanglements in a larger, auxiliary theory where
the boundary degrees of freedom have been “un-gauged”. In practice, the authors of [89]
study this in the most naive example possible: they take AdS3/Zn spacetimes where the
minimal geodesics of empty AdS3 become both minimal and non-minimal winding ones, and
un-gauge the boundary theory taking n copies of the dual CFT Hilbert space. 6 Also there
is no shadow for holographic Re´nyi entropies. 7 These probes are examples of the next gen-
eral framework that we will explore, namely that entanglement in or information-theoretic
organization of the CFT data not precisely organized by spatial subregion in the CFT is the
principle behind the emergence of the dual spacetime. First we discuss the example of the
two-sided AdS black hole.
6. See [91; 92] for other proposals of holographic entanglement between internal degrees of freedom in the
boundary CFT.
7. Thanks to Xi Dong for pointing this out.
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1.5.3 The two-sided black hole
Consider two copies of a CFT with a holographic dual, each living on its own spatial Sd.
Suppose we put the CFT’s into the thermofield double (TFD) state
|Ψ(β)〉 = 1√
Z(β)
∑
n
e−βEn/2|n〉1|n〉2 . (1.6)
The sum runs over all states in the CFT’s, and Z(β) is the partition function at temperature
β−1 of one copy of the CFT. (1.6) is a pure state in the doubled system. However, if we trace
out either one of the CFT’s, the reduced density matrix in the other is ρ =
∑
n e
−βEn |n〉〈n|,
the thermal density matrix in that CFT. The two copies of the CFT are entangled in (1.6)
and the entanglement entropy is the thermal entropy on each side.
Maldacena proposed that, in the semiclassical approximation, the TFD state (1.6) of
two copies of a CFT is holographically dual to gravity on the extended AdS-Schwarzschild
black hole background [93]. The justification was an extension of the AdS/CFT hypothesis to
describe Schro¨dinger picture states set up by Euclidean path integrals. The usual holographic
hypothesis is Zgrav[∂M = Σ] = ZCFT [Σ], or in words, the partition function of quantum
gravity in spacetimesM that asymptote to boundary Σ is the partition function of the dual
CFT on Σ. Instead of applying it to the full spacetime, it is applied here to a Euclidean
geometry Σ˜ with an open cut at σ˜, that sets up some state in the CFT on spatial σ˜. We
conjecture that the boundary state set up by this procedure is dual to the Hartle-Hawking
wavefunction that is set up by the Euclidean path integral on the dominant saddle whose
boundary is Σ˜, with open cut σ˜. Then we evolve both sides in Lorentzian time.
Specifying to the two-boundary case (though see [94; 95] for studies of examples with
multiple asymptotic boundaries), the TFD state (1.6) of two CFT’s on Sd is set up by the
Euclidean path integral on Σ˜ = Iβ/2×Sd with open cuts at the ends of the cylinder. On the
other hand, the Euclidean continuation of the AdS-Schwarzschild black hole has boundary
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S1β × Sd. Its τ = 0 cross section has the boundary Iβ/2 × Sd with cuts at the two Sd’s.
The evolution in Lorentzian time should be clarified. There are two times on the bound-
ary, one for each CFT. They can be evolved independently and the action on the boundary
state is completely well defined. In particular, the TFD state is an eigenstate of the dif-
ference of the two Hamiltonians, HL − HR. The associated time coordinate is the global
Killing time τ that is spacelike on the initial slice. Another commonly discussed time t that
we specialize to below is when both boundary times run from past to future associated to
the asymptotic Hamiltonian HL+HR. Note that there is no way to uniquely assign a spatial
slice of the bulk to each boundary time. Instead we associate the entire spacelike separated
region from the boundary points at that time.
Figure 1.4: Penrose diagram for the eternal black hole. The diagram shows the radial and
time directions. At each point on the diagram, there is a sphere. The sphere shrinks towards
the top and bottom edges of the diagram which are spacelike singularities. The dotted line
is the t = 0 section which has the geometry of an ER bridge.
The Penrose diagram of the eternal black hole is shown in Figure 1.4. It has two asymp-
totically AdS regions that look like the exterior regions to a AdS-Schwarzschild black hole.
Observers in the two regions are out of causal contact as long as they stay outside the black
hole. However, they can meet inside the black hole. Also, the correlations between the left
and right regions are nonzero. The t = 0 slice of the geometry is an Einstein-Rosen (ER)
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bridge that connects the exterior regions. If we stayed on the t = 0 slice of the geometry
and went from one asymptotic region towards the horizon we would find ourselves in the
other region the moment we went through the horizon. But taking time to evolve upwards
on both boundaries, the wormhole is not traversable; it grows too rapidly with time.
(As an aside, it was suggested that this fact is a challenge to the idea that (any form of)
boundary entanglement is responsible for the bulk geometry. For this choice of boundary
time, the length of the ER bridge grows indefinitely. One can ask what this geometrizes in
the dual QFT, since the vertical entanglement saturates after a scrambling time [96]. We
need some other quantity in the gauge theory to serve as a clock after that. Susskind [97; 98]
argued that quantity is the the computational complexity of the state in the QFT. Stanford
and Susskind conjectured in [99] that complexity is dual to the wormhole volume. The
conjecture was refined in [100] to “complexity is dual to the action of the Wheeler-DeWitt
patch”. However, these conjectures are confusing because the would-be dual patch always
contains finite support in a strong-curvature region of the bulk.)
The TFD/two-sided black hole duality has interesting implications. Firstly, it’s a throw-
back to an old idea that black hole entropy is entanglement entropy [101; 102], although
that suggestion seemed to run into problems early on (e.g. [103], references in [104], [105]).
Here this indeed appears to be true, but the black hole entropy is not the entanglement of
bulk degrees of freedom separated by the horizon or otherwise geometrically organized in
the bulk. Rather, it is an entanglement entropy in the dual CFT, that corresponds to some
non-local, non-geometrically-organized entanglement of the bulk degrees of freedom.
Next: the vacuum |0〉 ⊗ |0〉 in the doubled Hilbert space is dual to two disconnected
empty AdS’s. Let us consider the TFD state (1.6) from the point of view of the disconnected
AdS’s. It’s a sum over products of pure eigenstates of each boundary Hamiltonian, which can
be described by individual asymptotically AdS spacetimes with a corresponding amount of
energy in the bulk (i.e. partitioned somehow along the fundamental degrees of freedom in the
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“non-geometric picture”). At high energies these are the microstates of bulk black holes. So
we can interpret the TFD state as either the superposition of product black hole microstates,
i.e. maximally entangling two black holes, or as the empty, connected wormhole geometry.
We are replacing a more complicated algebraic description with a geometric interpretation.
It is just a reorganization of the state into what we decided to call the background and what
we call excitations on top of it.
Granted this fact is true in disconnected AdS’s, and assuming the degrees of freedom
that constitute black hole microstates are localized in the bulk it is a small step to apply it
to entangled black holes in two far-away regions of the same spacetime. To summarize:
(“Weak form of ER = EPR”): Two maximally entangled black holes are connected
by an ER bridge.
To me it seems the two-sided AdS black hole and its seemingly reasonable extension to
entangled black holes more generally, is the only real piece of evidence for “entanglement
builds spacetime” which is on a semi-quantitative footing (along with the circumstantial
evidence that ‘entwinement’ is the only bulk probe to date with no shadow). All the evidence
above and below is either not quantitative or isomorphic to (perturbations around) it.
1.5.4 AdS-Rindler embedding
By running the above construction for two CFT’s on hyperbolic space instead of on spheres,
we can pull the two-sided black hole construction into a single copy of global AdS. Consider
the Euclidean path integral on Σ˜ = Iβ/2 ×Hd with open cuts at the two Hd’s. This gives
the thermofield doubled state (1.6) of the two CFT’s on hyperbolic space. By the above
hypothesis, it is holographically dual to the two-sided hyperbolic AdS black hole whose
Euclidean geometry has the boundary S1β ×Hd.
On the other hand, a massless two-sided hyperbolic AdS black hole can be conformally
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mapped to empty global AdS, 8 where each exterior region maps to a Rindler wedge of the
AdS [106] and the black hole interior fills the rest. Actually, we already encountered the
boundary conformal transformation that implements this. It is the inverse of the CHM map
[71] that takes a thermal state of a single CFT on hyperbolic space to the reduced density
matrix of its vacuum state on a sphere.
There are arguments for a “subregion duality” [107; 108; 109] between a Rindler wedge
of the boundary CFT and a Rindler wedge in the bulk AdS. One way to state the question
of subregion duality [109] is, given any state of the CFT with a geometrical bulk description,
and given a subregion of the CFT, what part of the bulk geometry can be reconstructed from
knowledge of the reduced density matrix? Ref. [110] argued that from the density matrix of a
Rindler wedge of the vacuum CFT, one should be able to reconstruct the geometry of an AdS-
Rindler wedge in the bulk. A slightly different phrasing [108] is, given any state/subregion
with the above criteria, in the classical limit around such a state, what part of the bulk
geometry has the property that the local operators in it are dual to CFT operators supported
on that subregion? The HKLL, or AdS-Rindler reconstruction [111] argued that a bulk
operator contained in the causal wedge of a boundary region A, which is the bulk region
enclosed by the minimal geodesic (Ryu-Takayanagi surface) on a constant time slice, can be
reconstructed by CFT operators on A. 9 There are subtleties [108; 60] (e.g. the same bulk
operator would have to be described by many inequivalent boundary operators with support
on different regions of the CFT).
Since a Rindler wedge of the vacuum AdS is the exterior of a two-sided hyperbolic black
hole, an exact subregion duality would be like arguing that in the eternal black hole, either
one of the CFT’s in isolation describes just the geometry outside the horizon, and the interior
is completely a consequence of the entanglement pattern. It is equivalent to a very strong
8. As a corollary, the two-sided black hole has no “shadow” if we consider two-sided boundary entangling
domains that are supported on both Sd’s.
9. For multipartite regions, perhaps the appropriate region is the “entanglement wedge” [112; 60; 113]
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form of “position-space entanglement builds spacetime” around the AdS vacuum: that in
one copy of the empty AdS, entanglement is completely responsible for the existence of
any spacetime at all behind a pair of bulk Rindler horizons, which any random point in
AdS can serve as a bifurcation point for! Precisely understanding the subregion duality,
particularly away from the vacuum, seems interesting to clarify the validity of the position-
space entanglement picture, that as discussed in 1.5.2, seems approximately true around the
AdS vacuum, but not in general.
1.5.5 Beyond AdS/CFT: Gravitational inequalities and relative entropy
This subsection is a bit orthogonal to the rest of this chapter. I leave it here for completeness,
but the reader following the logical flow of previous sections can skip to 1.5.6.
There are proofs of longstanding gravitational entropy bounds using relative entropy
inequalities. These don’t rely on holography. Roughly, they bound entropy (number of
states) in a region by energies or areas, constraining the growth of states in systems coupled
to gravity, where we can make black holes. See [114] for a nice review.
One example is Casini’s [115] reduction of the Bekenstein bound [116] to the positivity
of relative entropy. The Bekenstein bound is the proposal all systems should satisfy
S ≤ 2piRE (1.7)
where S and E are the entropy and energy of the system confined to a region of size R. It
came from a thought experiment where a probe is lowered into a black hole. Suppose the
probe of entropy S and energy E released from a distance R above the horizon, falls into
the black hole. We compute the variation of the black hole entropy by converting the energy
swallowed by the black hole to the change in its mass to the change in its entropy, then argue
∆SBH ≥ S. Eq. (1.7) has no Newton constant in it, so we should be able to interpret it
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in flat space. The problem was that it was not clear how to define the various quantities.
An easy counter-example to the naive interpretation that S is the microcanonical count of
states for a QFT in a cavity of size R is if we take the number of species of quantum fields
to be large. But if the system is a region in a larger space, we can’t localize fluctuations to
the region anyway. Casini showed that a natural interpretation of the bound is as a special
case of the positivity of relative entropy, which is an inequality that holds for all quantum
systems (that will be described in the next chapter). The entropy in (1.7) is interpreted as
the change in the entanglement entropy of degrees of freedom in the region with the rest of
the space, between the excited state under consideration and the vacuum state.
Another result is the recent proof [117; 118] of the Bousso bound [119; 120]
∆S(B) ≤ ∆A(B)
4GN
(1.8)
in the weak gravity limit where the change in the area is first order in GN . S[B] is the
entropy on a light-sheet of the surface B and A(B) is the area of B. A light-sheet of B is
a null hypersurface that is orthogonal to B and shrinks going into the future. There was
also previously a question how to define the notion of entropy S(B) on a light-sheet (for
essentially the same reasons). The recent proof again proposed to sharply define S[B] as
the difference in the von Neumann entropy between the vacuum and excited states, as seen
by the algebra of operators on the light-sheet, and to use the positivity of relative entropy
as the main technical tool. Here the relative entropy related the von Neumann entropy to
an energy flux of the modular Hamiltonian, that focuses light rays by the Raychaudhuri
equation to constrain the area of light-sheets.
A related recent paper by Jacobson [121] suggested that the nonlinear Einstein equations
in any (not necessarily asymptotically AdS) spacetime follow from a stationarity condition
on the entanglement entropy of infinitesimal causal diamonds in spacetime. Despite su-
perficial similarities, the argument is quite different from the AdS/CFT derivation of the
33
linearized Einstein equations from entanglement thermodynamics reviewed in Chapter 2 be-
low, since it applies the entanglement first law not in the dual CFT but directly in the
gravity side. Accordingly, it requires some assumptions that short-distance behavior in a
full-fledged quantum gravity theory resembles that of a CFT vacuum.
1.5.6 ER = EPR
“ER = EPR” [122] is the conjecture that any pair of entangled qubits is dual to a non-
geometric ER bridge. One might say
(“Strong form of ER = EPR”): Maximally bipartite-entangled bulk degrees of
freedom are equivalent to a non-geometric version of the ER bridge; bulk entan-
glement builds spacetime.
It is the same idea as the weak form stated in 1.5.3, but we replace “black holes” by more
general objects and the geometric ER bridge by some non-geometric one. This definition is
not very precise, the idea will hopefully become clearer over the course of this section.
Some preliminary comments:
1. The claim of [122] is not that any entanglement, even strong bipartite entanglement
(such as the TFD state (1.6) in a dual boundary description of two CFT’s acted on by
some unitary matrix, so that the entanglement entropy between the CFT’s is the same
as in the TFD state itself) should be identified with a geometric ER bridge, which was
challenged e.g. in [123; 124].
2. The proposal does not imply nonlinearity of quantum mechanics; although entangle-
ment is not an observable in quantum mechanics, neither is the (non)existence of a
wormhole in quantum gravity – this was emphasized early on by Motl [125] and again
recently in the paper [126].
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3. When pulled onto the boundary in AdS/CFT, a statement about entangled bulk DOF’s
becomes one about the entanglement of the boundary DOF’s dual to the bulk ones,
where we expect the map between bulk and boundary to be nonlocal; hence a naive
reading of ER = EPR suggests that bulk geometry arises from boundary entanglement,
but that need not be organized by position space on the boundary.
There is no independent definition for the “non-geometric” ER bridge so it’s hard to
make sense of this proposal as stated. The goal here is to see how far we can get. Let’s
start by reviewing some motivation and arguments in the literature for it. There should be
a formulation in string theory, I discuss this briefly later in this section.
1. The original motivation was to address the firewall problem. In brief, the firewall
[58] is a refinement of the black hole information problem that exposes an apparent
inconsistency between unitarity, the equivalence principle, and low-energy effective
field theory. It goes something like this. Given that AdS/CFT exists, let us suppose
black hole evaporation is unitary. Consider the von Neumann entropy of the Hawking
radiation. At early times it is zero (there is no radiation) and at late times it is zero (by
unitarity), so the von Neumann entropy over time must be an ‘inverted V’ shape; after
some time called the Page time, the radiation that comes out of the black hole must be
entangled with earlier radiation, to purify the final state. On the other hand, assuming
effective field theory, quantum fields in the vacuum are maximally entangled across the
black hole horizon. By monogamy of entanglement, these things can’t simultaneously
be true. The “firewall” is defined as the absence of the usual QFT entanglement
pattern across the horizon.
Naively, one way out that is logically consistent with monogamy of entanglement and
no firewall (“A = RB”) is simply to declare that the interior mode of the black hole
after the Page time is the same as an early radiation quantum. Then both can be
maximally entangled with late radiation as they are secretly the same. But this leads
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to nonsense. Maldacena and Susskind proposed a refinement of this idea,“RB → A”
[127; 98], arguing that Hawking radiation is connected to the black hole interior by non-
traversable wormholes. Macroscopically, suppose we collect all the Hawking radiation
at the Page time and collapse it into a second black hole. Then the pair of black
holes have the causal structure in Figure 1.4, with some identifications between the
left and right sides since there is only one asymptotic region. This is the “weak form”
of ER = EPR discussed in section 1.5.3, that follows from the two-sided AdS black hole
holography. The strong form just argues there is some continuity before and after we
collapsed the Hawking radiation. While not identifying A and RB , it allows for causal
dependence between them. This resolves the three-way monogamy of entanglement
conflict, which assumed the modes were independent.
2. In AdS/CFT, a self-consistent picture appears when one studies entangled heavy
quarks in the boundary CFT [128]. The quarks are dual to a bulk string connect-
ing them. The authors of [128] showed that classically, the induced metric on the
bulk string worldsheet contains the same causal structure as that of the eternal black
hole, and argued that the area of the induced worldsheet horizon is the entanglement
entropy of the quarks. The Schwinger instanton responsible for quark pair creation
is similar to the Euclidean instanton that generates the Hartle-Hawking state in the
eternal black hole construction [129]. On the other hand, the worldsheet is inheriting
this structure from the Rindler decomposition of the bulk.
3. Susskind has some nice cartoon arguments, though they’re logically equivalent to what
is written above, just presented a bit differently. One is a cartoon to illustrate the
continuity [98]. Aside from pair creation that features in the above example, another
process that generates two entangled systems is a “fission” where a black hole decays
into two smaller ones, with exponentially small probability. If it decays into two equal-
sized ones, we are back to the two-sided black hole of Figure 1.4 (in the same space).
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But the black hole can also split asymmetrically, indeed with higher probability, into a
large component and small component. The limit as the small component is replaced
by an elementary particle is the claim of ER=EPR.
A separate argument [130] asks us to contemplate the difference between the following
three scenarios: (i) Global AdS with two clouds of maximally entangled particles, (ii)
global AdS with those clouds of particles collapsed into large entangled black holes and
(iii) global AdS with two large unentangled black holes. As long as Ryu-Takayanagi
holds in cases (ii) and (iii), the difference between the black holes being entangled and
not must be reflected by the area of the minimal surface. But the surface bisecting the
bulk would appear unchanged unless the entanglement added a “handle” to the global
topology of AdS, which is the ER bridge. This is pretty much identical to the argument
in section 1.5.2. But now consider scenarios (i) vs (ii). In scenario (i), the individual
backreaction of each particle on the bulk is small, and entanglement of the clouds is
captured by the subleading FLM correction to the Ryu-Takayanagi formula [78], as
bulk entanglement across the bisecting surface. But we can freely go between (i) and
(ii) by collapsing the clouds into black holes or letting the black holes evaporate.
4. As a bit of a side comment, to check when entanglement gives rise to geometric worm-
holes (though as mentioned above, this is not quite the main point of the conjecture),
a check one can do is to take AdS/CFT with two boundary CFT’s in entangled states
other than the TFD one (1.6) and see when the two-sided correlations are large. 10
Papadodimas and Raju [59] performed a similar computation as an application of
the main thrust of their work, which was to construct (state-dependent) local bulk
operators behind the black hole horizon. Suppose we had any entangled state in the
doubled Hilbert space of two CFT’s that was a high energy eigenstate of the right
10. However, see [131; 132; 133] for examples where there is a “long semiclassical wormhole” in the bulk
for which two-sided correlations are small (though the motivations for those studies is different).
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Hamiltonian HR, so from the asymptotic right boundary, it looks like a black hole.
Moreover, suppose that in the classical limit we knew how to define local bulk operators
behind the black hole horizon in terms of CFT ones. Then we could check if the two-
point function of an operator behind the right black hole horizon with operators in
the left CFT is nonzero, suggesting structure reminiscent of the two-sided geometry
(Figure 1.4). They computed such correlators for various two-sided states and noted
when the correlators in each case were order one or exponentially small. They did not
attempt to reconstruct bulk geometry from the correlators.
To summarize, the logic behind the strong form of ER = EPR is to take for granted the
weak form that large maximally-entangled black holes are joined by an ER bridge, in a weak
curvature regime where both structures make sense geometrically, then argue by continuity.
The discussion clearly suffers from there being no definition for a “non-geometric wormhole.”
We would like to make the statement more precise. In the rest of this section, I will speculate
in this direction.
To take stock of where we are, there are two (related) questions of obvious importance:
 What is the definition of the “non-geometric ER bridge?” What are its properties?
 If ER = EPR explains the emergence of spacetime, what is the mechanism by which
sufficient numbers of the “non-geometric wormholes” (also perhaps analogous “non-
geometric” structures dual to other (e.g. multipartite) patterns of entanglement) are
woven into classical geometries?
These questions are related to the one posed in section 1.2.2 whose answer we are lacking,
how in general to go beyond the classical Riemannian description of spacetime.
Of these questions, assuming that ER = EPR is true and probing the string scale prop-
erties of the “non-geometric ER bridge” in search of a definition of it and an eventual
self-consistent picture is probably the most tractable.
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In fact, the logical status is reminiscent of the strong form of the AdS/CFT conjecture.
There, as one dials the coupling and number of DOF’s in a CFT, a bulk dual description goes
from a geometric to non-geometric one, and the latter has no meaning absent a independent
formulation of strongly coupled quantum gravity. Rather it is taken to define strongly
coupled quantum gravity. ER = EPR is a bulk-bulk non-supersymmetric 11 duality. It is
not one in the sense of section 1.2.1. We are not inverting any dimensionless parameters.
But (special cases of) it is a situation where as we tune a continuous parameter, we switch
between one description that we know how to work with and one that we do not.
What parameter? One can use the correspondence principle [49; 50] to continuously in-
terpolate from black hole microstates to weakly-coupled, perturbative string theory states.
Correspondence transition can be thought of as a phase transition reminiscent of the con-
finement/deconfinement transition in QCD, with the black holes as bound states of strings
[134]. The weak form of ER = EPR says that entangled black holes (which are always very
stringy/quantum objects regardless of how small the bulk coupling is otherwise) are dual to
a semiclassical wormhole that we know how to work with if bulk gravity is weak. As we take
the correspondence limit, a priori there is no reason to expect some analog of the ER bridge
which is a feature of the “confined” phase to survive in the “deconfined” one, but this is
claimed by the strong form of ER = EPR. On the other side of the transition the classicality
of the wormhole interpretation is unclear, but the entangled black hole microstates become
entangled perturbative string states which are in principle understood.
In various implementations of the correspondence principle, the string-black hole tran-
sition occurs as a function of different parameters. The original version [50] argued for a
transition from the string to BH phase as gs is dialed from small to large, but that example
is not under control; the authors only checked that the density of states of the black hole
11. We can set up a wormhole for the BPS black hole, i.e. take the TFD state of the dual CFT’s at β =∞
which is some superposition of states on the moduli space. This is supersymmetric. But the “classical
wormhole” one gets from entangled BPS black holes is itself degenerate, it is infinitely long [133] suggesting
the two sides can be interpreted as disconnected, so it appears a less useful case to study.
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and perturbative string states were roughly of the same order at the transition point (when
the BH radius equals `s). Ref. [134] contains an implementation in AdS3/linear dilaton
backgrounds where one dials the ratio k2 = R/`s with R the spacetime curvature. The
theory is nonetheless perturbatively solvable because the worldsheet CFT is exactly known.
The black hole phase crosses over to the string one when the string length exceeds the AdS
radius. Very recently, [135] pointed out another controlled example of a time-dependent
black hole-string transition.
An idea towards a first exploration of the properties of the non-geometric wormhole (as-
suming it exists) is to study maximally entangled AdS3’s or linear dilaton theories, say in
the thermofield state of their holographic dual, on the side of the correspondence transition
without black holes. A similar suggestion was made in [124] to study entangled AdS’s at
temperatures below the Hawking-Page transition. This also would contain a “non-geometric
wormhole” by the ER = EPR conjecture. However, to study features of the non-geometric
wormhole we need to be able to compute at the string scale. Here perhaps we can take advan-
tage of exact worldsheet results (for the Euclidean, one-sided linear dilaton theory), following
along the lines of recent scattering experiments [30; 57] for Euclidean black holes, granted
we can understand the analytic continuation to the Lorentzian, two-sided background.
1.5.7 Section summary
Let us summarize in a page what one might mean by “entanglement builds spacetime”.
There is the idea that position space entanglement in the CFT is the organizing principle
explaining bulk geometry in AdS/CFT. The entanglement shadow is a problem for this idea.
The more general idea is “ER = EPR”. It comes in two forms. The weak form says that
entangled large black holes are connected in the interior by a non-traversable semiclassical
wormhole. Why we believe that such a thing is true is because a Euclidean path integral
argument constructs it fairly explicitly in AdS/CFT.
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The strong form replaces the black holes with more general bulk DOF’s and the semi-
classical wormhole with a “non-geometric” one. It postulates that bulk entanglement builds
(non-classical generalizations of) spacetime (that coalesces into classical spacetime when
there are large amounts of particular entanglement patterns). The awkwardness of the phras-
ing reflects the ill-defined nature of the conjecture. When pulled back to the boundary in
AdS/CFT, it suggests some form of boundary entanglement that need not be organized geo-
metrically on the boundary (modulo “subregion duality” crudely relating bulk and boundary
locality), is the organizing principle underlying the bulk geometry.
There is a hand-waving argument that the weak form implies the strong form by conti-
nuity, but we are missing a well-defined statement of the strong form or even a definition of
the non-geometric wormhole. How to define a “non-geometric wormhole” is related to “how
to define string geometry beyond Riemannian geometry.” It is a hard string-scale problem.
Towards clarifying the role of entanglement for emergence of spacetime, in our opinion
the most promising directions are as follows. In the context of holography, (a) continue
to study the problem of bulk reconstruction in all its forms ; (b) understand precisely the
subregion duality, that seems to work well around the vacuum while also going hand in hand
with the limits of position-space entanglement in the CFT to describe the dual geometry,
and thus appears to be a clue; and (c) define and study implications for bulk reconstruction
of refined versions of entanglement such as the “entwinement” [89], whose claim to fame
over other bulk probes is the absence of the shadow. In the context of working directly in
the bulk, it is difficult to understand the strong form of the ER = EPR conjecture absent a
definition of the “non-geometric ER bridge”. We suggested a naive approach is to assume
the conjecture is true and then study the behavior of string-scale probes in backgrounds
that are supposed to contain a non-geometric ER bridge, in hopes of identifying some of
its properties. But perhaps the most fruitful way to approach this problem is indirectly, by
continuing to develop our understanding of emergent geometry in string theory.
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1.6 Outline of the thesis
In the rest of the thesis, I present two results.
In quantum systems, there are many (in)equalities that entanglement entropy can rigor-
ously be shown to obey. For CFT’s with an Einstein gravity dual, such equations can be
translated to constraints on allowed bulk geometries using the Ryu-Takayanagi formula. I
will show that two such inequalities, called positivity and monotonicity of the relative en-
tropy translate to positivity conditions on the bulk matter energy density in any holographic
dual, assuming bulk Einstein gravity. In classical general relativity, such energy conditions
are usually postulated; here we derive them from first principles of the boundary theory.
(See [136; 137] for related, independently-derived results).
Moreover, I will show that the Ryu-Takayanagi formula can be inverted for any state in
the CFT to compute the local classical bulk stress-energy tensor at bulk points near the AdS
boundary, in terms of entanglement across ball-shaped regions in the CFT.
The results in the next chapter all come from [1].
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CHAPTER 2
TOMOGRAPHY FROM ENTANGLEMENT
This chapter is based on the paper [1] which was an equal collaboration with Matilde Marcolli,
Hirosi Ooguri and Bogdan Stoica. It should not be cited without citing that paper.
In section 2.1, I review the entanglement inequalities that will be translated to the bulk,
as well as what the constituents of those inequalities map to under the AdS/CFT dictionary.
I state the assumptions made and range of validity of the results. In section 2.2 I review how
one can use entanglement dynamics on the CFT boundary to derive the linearized Einstein
equations around empty AdS in the bulk [138; 139]. In section 2.3 I demonstrate that an
extension of techniques used there allows one to derive classical bulk energy conditions from
entanglement inequalities in the boundary theory, and in section 2.4, I show that the local
classical bulk stress-energy tensor at points near the boundary carn be expressed in terms
of the boundary relative entropy. I conclude with a discussion in section 2.5.
Throughout this chapter, I use the following notation for the Ryu-Takayanagi formula:
the entanglement entropy between a spatial domain D of a CFT and its complement equals
the area of the bulk minimal surface Σ homologous to it,
SEE = min
∂D=∂Σ
area(Σ)
4GN
. (2.1)
The volume enclosed by the Ryu-Takayanagi surface is denoted V .
2.1 Setup
2.1.1 Definitions in quantum information theory
Relative entropy (see e.g. [140]) is a measure of distinguishability between quantum states
in the same Hilbert space. The relative entropy of two density matrices ρ0 and ρ1 is defined
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as
S(ρ1|ρ0) = tr(ρ1 log ρ1)− tr(ρ1 log ρ0) . (2.2)
Note that it is asymmetric in the arguments. It is positive, and increases with system size:
S(ρ1|ρ0) ≥ 0 , (2.3)
S(ρW1 |ρW0 ) ≥ S(ρV1 |ρV0 ), W ⊇ V . (2.4)
The second property (2.4) is called monotonicity. When ρ0 and ρ1 are reduced density
matrices on a spatial domain D for two states of a QFT, which is the case that we specialize
to from here on, monotonicity implies that S(ρ1|ρ0) increases with the size of D. That is,
over a family of scalable domains with characteristic size R,
∂RS(ρ1|ρ0) ≥ 0 . (2.5)
Defining the modular Hamiltonian Hmod of ρ0 implicitly through
ρ0 =
e−Hmod
tr(e−Hmod)
, (2.6)
Eq. (2.3) is equivalent to
S(ρ1|ρ0) = ∆〈Hmod〉 −∆SEE ≥ 0 (2.7)
where ∆〈Hmod〉 = tr(ρ1Hmod) − tr(ρ0Hmod) is the change in the expectation value of the
operator Hmod (2.6) and ∆SEE = −tr(ρ1 log ρ1) + tr(ρ0 log ρ0) is the change in the entan-
glement entropy across D as one goes between the states.
When the states under comparison are parametrically close, the positivity (2.7) is satu-
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rated to leading order [140]:
S(ρ0 + δρ|ρ0) = δ〈Hmod〉 − δSEE = 0 . (2.8)
To see this, consider a reference state of the QFT characterized by ρ0 and another, arbitrary
state, ρ1. We can construct a family of interpolating density matrices
ρ(λ) = (1− λ)ρ0 + λρ1 (2.9)
where λ can be positive or negative. Because the relative entropy S(ρ0|ρ(λ)) is positive for
either sign of λ, the first derivative of this relative entropy with respect to λ vanishes. This
implies (2.8) to linear order in λ.
Eq (2.8) is sometimes called the “entanglement first law” for its resemblance to the first
law of thermodynamics. Indeed, when ρ0 is a thermal density matrix ρ0 = e
−βH/tr(e−βH)
with β the inverse temperature, (2.8) reduces to ∆〈H〉 = T∆S, an exact quantum version
of the thermal first law.
2.1.2 The modular Hamiltonian
In general, the modular Hamiltonian (2.6) associated to a given density matrix is a compli-
cated operator that is not known exactly. 1 There are a few simple cases where it is known.
The most basic is when the density matrix is for a global thermal state of temperature T ;
then Hmod = H/T , where H is the ordinary Hamiltonian. Another is the reduced density
matrix for the vacuum state of any QFT on the Rindler wedge. Since the Rindler wedge is
thermal with respect to the boost generator, this case is isomorphic to the first one, with
the modular Hamiltonian being proportional to the boost generator.
1. Although the leading order contribution to the modular Hamiltonian for the reduced density matrix of
a spatial region in a QFT, expanded around the edge of the region, is always the Rindler Hamiltonian [62].
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Other cases are related to these by symmetry. The example that we’ll use the most is
when ρ0 is the reduced density matrix on a ball of radius R which we take to be centered
at ~x0 = 0, in the vacuum state of a CFT [71]. By the CHM map that was discussed in the
previous chapter,
Hmod = pi
∫
D
dd−1xR
2 − |~x|2
R
Ttt(x) , (2.10)
where Tµν is the energy-momentum tensor of the CFT.
2.1.3 Assumptions
Now I specialize to holographic CFT’s. The starting point is a d-dimensional CFT whose
vacuum state is dual to AdSd+1 (suppressing the compact directions). I will assume the CFT
has a semiclassical bulk dual where in particular the Ryu-Takayanagi formula holds around
the vacuum. To talk about the relative entropy (2.2), we have to compare this vacuum state
to another state in the Hilbert space. I take the latter to be an arbitrary excited state of
the CFT. Einstein gravity probably breaks down somewhere in the holographic description
of this state, but very near the boundary, the bulk still looks like AdS. I parametrize the
near-boundary metric in the Fefferman-Graham form,
gAdS =
`2AdS
z2
[
dz2 +
(
ηµν + hµν
)
dxµdxν
]
. (2.11)
Spacetime indices a, b, . . . run over (z, t, xi) while µ, ν, . . . run over (t, xi) and i ∈ 1, . . . , d−1
are boundary spatial directions.
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2.2 Review: Linearized Einstein equations from entanglement
first law
In this section, I review a result by van Raamsdonk and collaborators [138; 139] that the
entanglement first law (2.8) for ball-shaped domains,
pi
∫
D
dd−1xR
2 − |~x|2
R
∆〈Ttt(x)〉 = ∆SEE , (2.12)
which can be viewed as an infinite set of constraint equations on states near the vacuum in
a CFT, translates to the linearized Einstein equations about the AdS vacuum in the bulk.
Mapping the entanglement first law to the bulk using the Ryu-Takayanagi formula gives
one nonlocal equation for each bulk point, where the equation for each point comes from
the entanglement first law for the Ryu-Takayanagi surface whose apex passes through that
point. Our goal is to extract a local equation from this.
2.2.1 ∆Hmod and ∆SEE in holography
We first have to explain how the semiclassical AdS/CFT dictionary maps the quantities
appearing on both sides of (2.12) to the bulk.
The left-hand side of (2.12) is a weighted integral of the expectation value of the CFT
stress tensor 〈Ttt〉. In the vacuum state of the CFT, this is known. In the excited state, 〈Ttt〉
can be expressed as a function of bulk fields by using holographic renormalization [23; 24],
where fixing 〈Ttt〉 in the vacuum sets the holographic renormalization scheme.
Alternatively, [139] pointed out a short-cut to obtain the holographic dictionary entry
for the boundary stress tensor of the CFT, by exploiting the fact that the relative entropy
in the CFT vanishes in the limit that the entangling domain shrinks to zero size. The trick
is to take R → 0 in (2.12) and map the right-hand side to the bulk using the RT formula,
keeping the left-hand side fixed as the definition of ∆〈Ttt〉 .
47
As long as the bulk matter fields contributing to 〈Tµν〉 are dual to operators with scaling
dimension δ > d/2, both methods give
∆〈Hmod〉 = lim
z→0
d`d−1AdS
16GN
∫
D
dd−1xR
2 − |~x|2
R
z−dηijhij . (2.13)
As usual, operators with dimension δ ≤ d/2 require a more careful treatment [141].
To translate ∆SEE on the right-hand side of (2.12) to the bulk, we use the Ryu-
Takayanagi formula. On a constant-time slice of pure AdS, the codimension-2 bulk extremal
surface Σ ending on a boundary sphere of radius R is the half-sphere
z0(r) =
√
R2 − r2 . (2.14)
The EE of the entangling disk of radius R in the CFT vacuum is equal to the area
functional of pure AdS evaluated on the surface (2.14). Suppose we perturb the bulk metric
away from pure AdS by hab which is parametrically small. Because the original surface was
extremal, the leading variation in the holographic EE comes from evaluating z0(r) (2.14) on
the perturbed area functional. One finds [138]
∆SEE =
`d−1AdS
8GNR
∫
Σ
dd−1x(R2ηij − xixj)z−dhij . (2.15)
At order h2, one must account for corrections to the shape of the Ryu-Takayanagi surface;
see e.g. [140].
2.2.2 Linearized Einstein equations
We have now translated (2.12) to one nonlocal bulk constraint on the linearized metric
perturbation hab for each ball B in the boundary CFT. The authors of [139] noticed that
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one can write ∆Hmod (2.13) and ∆SEE (2.15) as integrals over the entangling disk D on
the boundary and the extremal surface Σ in the bulk, respectively, of a local (d− 1)-form χ
that is a functional of hab:
∫
D
χ = ∆〈Hmod〉,
∫
Σ
χ = ∆SEE . (2.16)
Moreover, the exterior derivative of this χ is given by
dχ = 2ξtE
g
tt[h]g
tt√gV dz ∧ dxi1 · · · ∧ dxid−1 , (2.17)
where
√
gV is the natural volume form on V induced from the bulk spacetime metric, and
ξ =
pi
R
{
[R2−z2−(t− t0)2−x2]∂t− 2(t− t0)[z∂z + xi∂i]
}
(2.18)
is the Killing vector associated with Σ (2.14), which is a Killing horizon in pure AdS. The
linear gravitational equations of motion in vacuum are expressed as E
g
ab[h] = 0.
By the Stokes theorem, the relative entropy is given by
S(ρ1|ρ0) = ∆〈Hmod〉 −∆SEE =
∫
Σ
χ −
∫
D
χ =
∫
V
dχ . (2.19)
Considering (2.19) for every disk on a spatial slice at fixed time t = 0, the entanglement first
law S(ρ1|ρ0) = 0 can be shown to be equivalent to Egtt[h] = 0. Considering it for Lorentz-
boosted frames gives vanishing of the other boundary components, E
g
µν [h] = 0. Finally,
appealing to the constraint equations of the initial-value formulation of gravity gives the
vanishing of the remaining components of the linearized Einstein tensor that carry z indices.
This completes the proof that for holographic theories where the Ryu-Takayanagi formula
holds, the linearized Einstein equations around vacuum AdS are dual to the entanglement
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first law around the vacuum in the CFT.
Of course, the entire argument as presented, rests on the existence of the form χ with
the advertised properties. This object was constructed by Iyer and Wald [142; 143] to prove
the converse for black hole horizons: that if one perturbs a black hole solution in accordance
with the linearized Einstein equations, the change in the black hole horizon area equals the
change of its gravitational energy. The applicability of their work to our situation relies on
the fact that the Ryu-Takayanagi surface for a ball-shaped region in a CFT vacuum is a
cross-section of the AdS-Rindler wedge, which (as discussed in section 1.5.4) is a massless
hyperbolic black hole in empty AdS [106].
By repeating the derivation with the first 1/N correction to the Ryu-Takayanagi formula
[78], Swingle and van Raamsdonk showed [144] that the entanglement first law (2.8) implies
the linearized bulk Einstein equations sourced by the difference in the expectation value of
the bulk stress-energy tensor in the quantum state of bulk fields relative to their vacuum
state, δ〈tab〉. (The key technical step they used is that one can compute the bulk modular
Hamiltonian of the AdS-Rindler wedge as well.) They argued that assuming the source of
the linearized Einstein equation is a local operator, one can lift δ〈tab〉 to the bulk operator tab
in their argument, and subsequently (by consistency of adding the coupling term tabh
ab to
the Lagrangian, assuming the bulk theory is described by a local action) the linear Einstein
equations to the nonlinear ones. In the discussion, I will comment on prospects for deriving
the nonlinear Einstein equations without assuming bulk locality.
In the rest of the chapter, I will assume that the linearized Einstein equations coupled to
the bulk stress tensor hold in the bulk, and derive energy conditions from them.
2.3 Bulk energy conditions from relative entropy
On trying to apply the previous line of reasoning to general states in the CFT, we immediately
encounter a technical problem: by going to order λ2 in the expansion (2.9), we would have
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to account for the quadratic fluctuation of the bulk metric sourced by the boundary stress
tensor, which will change the shape of the Ryu-Takayanagi minimal surface away from the
AdS-Rindler cross-section, that was crucial for the definition of the form χ in the previous
section.
To continue to apply the same formalism, we will take a different limit, where we consider
arbitrary states in the boundary CFT but restrict to entangling domains whose radii R
are small compared to the typical energy scale E ≈ 〈Tµν〉
1
d of the state measured by the
boundary stress tensor Tµν , i.e. ER  1. So the Ryu-Takayanagi surface only penetrates
the asymptotically AdS region of the bulk.
In the interior of the Ryu-Takayanagi surface for such entangling domains, we can evaluate
the (d − 1)-form χ of [139] on the bulk metric fluctuation hab of the dual to an arbitrary
excited state of a CFT. As the deviation of the bulk metric in the enclosed volume V from
pure AdS is parametrically small, all results of the above discussion carry over. χ integrated
over the entangling ball on the boundary gives ∆Hmod, χ integrated over the semi-circular
RT surface gives ∆SEE , and dχ satisfies (2.17). The Stokes theorem now reads
S(ρ1|ρ0) = ∆〈Hmod〉 −∆SEE =
∫
Σ
χ −
∫
D
χ =
∫
V
dχ ≤ 0. (2.20)
At the same time, E
g
ab[h] in (2.17) should be evaluated on the hab which is reconstructed
from CFT data at non-linear level and is not identically zero. Rather, the linearized Einstein
tensor couples to bulk matter in the form of the bulk stress tensor,
E
g
ab[hab] = 8piGN tab . (2.21)
Using (2.17) we find that the relative entropy is expressed as the integral of the local
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bulk energy density ε = −ttt,
S(ρ1|ρ0) = 8pi2GN
∫
V
R2 − (z2 + x2)
R
ε
√
gV . (2.22)
As one pretty interesting added note, Casini [145] pointed out to us that the expression on the
right-hand side of (2.22) is related directly to the modular Hamiltonian of the AdS-Rindler
wedge of the bulk.
Taking one derivative with respect to R, we find
∂RS(ρ1|ρ0) = 8pi2GN
∫
V
(
1 +
z2 + x2
R2
)
ε
√
gV . (2.23)
Though the derivative also generates an integral over the Ryu-Takayanagi surface Σ, it
vanishes because ξt vanishes on the surface.
Recall that positivity S ≥ 0 and monotonicity ∂RS ≥ 0 are universal properties of the
relative entropy (2.3). Comparing to (2.22), (2.23) we find that, in the gravitational dual,
they are translated to positivity of the integrals of the bulk energy density ε weighted by
(R2± (z2 +x2))√gV (≥ 0 in V ). These are derivations of integrated weak energy conditions
in the bulk from boundary principles.
One more derivative relates the relative entropy to the integral of the energy density on
the boundary Σ of V ,
(
∂2R +R
−1∂R −R−2
)
S(ρ1|ρ0) = 16pi2GN
∫
Σ
ε
√
gΣ , (2.24)
where
√
gΣ is the volume form on the Ryu-Takayanagi surface. I will now show that (2.24)
can be inverted using the Radon transform to express the bulk stress tensor point-by-point
in the near-AdS region using the entanglement information of the CFT.
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2.4 Local bulk stress tensor from relative entropy
We found that ∂RS(ρ1|ρ0) is given by the integral of the energy density ε over the region V
inside the Ryu-Takayanagi surface. We can invert this relation to compute ε point-by-point
in the bulk by using the relative entropy S(ρ1|ρ0).
To show this, note that
(
∂R +R
−1)S(ρ1|ρ0) = 16pi2GN ∫
V
ε
√
gV (2.25)
so differentiating again,
(
∂2R +R
−1∂R −R−2
)
S(ρ1|ρ0) = 16pi2GN
∫
Σ
ε
√
gΣ (2.26)
where
√
gΣ is the natural volume form on the Ryu-Takayanagi surface Σ induced from the
bulk spacetime metric. The right-hand side is still non-negative if we assume the positivity
of the bulk energy density. Thus,
(
∂2R +R
−1∂R −R−2
)
S(ρ1|ρ0) ≥ 0. (2.27)
Here the bulk geometry is empty AdS, and its space-like section is d-dimensional hyper-
bolic space. The surface Σ is then totally geodesic. In this case, the integral (2.26) is the
Radon transform and its inverse is known. The Radon transform can be thought of as a
souped-up Fourier transform in hyperbolic space. For a smooth function f on d-dimensional
hyperbolic space, the Radon transform Rf(Σ) is the integral of f over an n-dimensional
geodesically complete submanifold Σ with n < d. The dual Radon transform R∗Rf gives
back a function on the original hyperbolic space in the following way: pick a point in the
hyperbolic space, consider all geodesically complete submanifolds passing through the point,
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and integrate Rf over such submanifolds. It was shown by Helgason [146] that if d is odd,
f is obtained by applying an appropriate differential operator on R∗Rf . We are interested
in the case n = d− 1 for which
f =
[
(−4)(d−1)/2pid/2−1Γ(d/2)
]−1
Q(∆)R∗Rf , (2.28)
where Q(∆) is constructed from the Laplace-Beltrami operator ∆ on the hyperbolic space
as
Q(∆) = [∆ + 1 · (d− 2)] [∆ + 2 · (d− 3)]× · · · × [∆ + (d− 2) · 1] . (2.29)
Applying this to (2.26), we find
ε =
[
(−4)(d+3)/2pid/2+1Γ(d/2)GN
]−1×
Q(∆)R∗
(
∂2R +R
−1∂R −R−2
)
S(ρ1|ρ0) ,
(2.30)
when d is odd. There exists a similar formula for d even [147].
Figure 2.1: The bulk energy density at a point near the boundary of AdS can be approxi-
mately extracted from the entanglement entropies across ball-shaped domains of the bound-
ary, whose Ryu-Takayanagi surfaces pass through the point.
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Note that even if we are evaluating ε at (z, t, x) in the near-AdS region, there are totally
geodesic surfaces that pass through this point and go deep into the bulk, where the geometry
can depart significantly from AdS. However, contributions from these surfaces are negligible
when Ez  1, where E is the typical energy scale of the CFT state. In this case, we can
choose another z0 so that z  z0 and the geometry under z0 is still approximately AdS.
Since most totally geodesic surfaces passing through (z, t, x) stay under z0, an integral over
such surfaces is well-approximated by the inverse Radon transform in the hyperbolic space.
The energy density is the time-time component of the stress-energy tensor tab. By com-
puting the relative entropy in other Lorentz frames, we can also derive components tµν along
the boundary. Finally, we can use the conservation law, ∇atab = 0, to obtain the remaining
components, tzµ, tµν . So we can use the entanglement data on the boundary to reconstruct
all components of the bulk stress tensor.
We emphasize that the energy density thus obtained is classical. It is not the expectation
value of the bulk quantum stress tensor, and hence not an example of a bulk local operator
reconstruction in holography.
2.5 Discussion
We showed two main results, which are a classical energy condition in the near-AdS region
of the bulk from an entropy inequality in the dual CFT, and determining the local classical
energy density at points in the near-AdS region from nonlocal entanglement data in the
CFT. In principle, we could attempt to push either result further into the bulk interior (see
[137] for some progress in this direction).
I conclude with brief comments about direct follow-up ideas.
 Can we promote the energy condition to be a quantum one in the bulk?
No. As explained in [144], the expectation value of the bulk stress tensor from the state
of bulk quantum fields can be consistently included in the above derivation by including
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the 1/N correction to the Ryu-Takayanagi formula. If we kept this correction in equation
(2.21), we would find that the RHS contains actually 8piGN (tab − 〈tab〉) with the latter the
expectation value of the bulk stress tensor relative to the vacuum. I.e. if we assumed the
linearized Einstein equations coupled to the full classical + quantum stress tensor at the
end of section 2.2 (instead of assuming just the linearized Einstein equations coupled to
the classical stress tensor), but also consistently included the 1/N correction to the Ryu-
Takayanagi formula which contributes at the same order, the quantum part of the energy
density would cancel out, leaving the conclusion unchanged that we derive (2.22), (2.23)
with ε the classical energy density.
 What is the geometric meaning of the CFT relative entropy w.r.t. the vacuum state of
the CFT, beyond the limit described above?
We can make a few simple predictions. It will be a classical bulk inequality that will be
completely geometric. Using the Einstein equations, we can convert some functionals of the
bulk metric to functionals of the matter stress-energy tensor, and indeed it has to reduce to
such in the limit discussed above. On the other hand, the AdS black hole is a counterexample
to the possibility that the gravity dual of positivity of relative entropy is always a positivity
condition on the matter energy density. So the gravity dual of the relative entropy inequalities
should be positivity conditions on a classical linear combination of matter and gravitational
energy, which indeed has been borne out so far by the second-order study of [137].
 Can the nonlinear Einstein equations be derived from position-space entanglement in
the CFT?
Not for the reasons explained in Section 1.5.3. To be a bit more precise, we can ask
two separate questions. Can the RT formula be used to show that the classical bulk stress
tensor sources the Einstein equations around the AdS vacuum? No, because the RT formula
is a static one that only ever sees geometry – namely the metric – in the bulk. One has to
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put in preexisting knowledge about dynamics (as indeed we did at the end of section 2.2)
to know that the classical bulk stress tensor is responsible for the backreaction. How about
the nonlinear Einstein equations in vacuum? This would appear to be ruled out by the
entanglement shadow (e.g. in black hole backgrounds).
As advocated previously, if information-theoretic ideas in the CFT are indeed key to de-
coding the hologram, the fundamental probe must not be the position-space entanglement,
but a different, related quantity. Indeed it is even logically possible that the entanglement
first law δSEE = δ〈Hmod〉 around excited states can be translated to the Einstein equa-
tions if the modular Hamiltonians of subregions in high-energy CFT states are sufficiently
complicated operators to probe the full bulk geometry, but then they, not the position-space
entanglement itself as codified in the Ryu-Takayanagi formula, are the heroes of the story.
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